Predicting the Deflection of Concrete Structures in Practice
Doug Jenkins, Interactive Design Services, Sydney, NSW, Australia
Synopsis:  All Australian and international codes for the design of concrete structures contain provisions for the Serviceability Limit State which are aimed at limiting deflections under service loads; however the provisions of differing codes vary widely, and no one code contains detailed guidance on assessing all the factors that have a significant effect on results.  Accurate upper bound deflection estimates are also important for Ultimate Limit State analyses if geometric non-linearity effects are to be assessed by calculation.  Recent technical papers provide additional guidance on the calculation of deflections, but these provide recommendations that are to some extent conflicting, and have limited advice on the practical application of the techniques described.
This paper discusses the relative importance of the factors causing deflections, including effects not specifically included in the codes, such as differential shrinkage and temperature stresses, and cracking due to temporary loads during construction.  The performance of an actual structure where deflections were much greater than predicted by the application of standard code provisions is examined and the contribution of each of the deflection factors is analysed.  Recommendations are given for the assessment of deflections in practice, and examples are given of how the use of modern computer methods allows detailed non-linear analyses to be applied in the design office.
Keywords:  deflection, reinforced concrete, beams, slabs, continuous, serviceability.

1.
Introduction

Control of deflection is a requirement for all concrete structures, and for some structures may be critical to their successful performance; however different code provisions often give inconsistent results, all of which may differ significantly from the behaviour of the actual structure.  In addition to the use of over-simplified models of deflection behaviour, codes neglect or under-estimate the effect of several factors that can substantially affect deflections.  The introduction of higher strength reinforcement has resulted in structures that are more slender and/or have a lower reinforcement content.  Both of these factors increase the likelihood of deflections controlling the design.  In addition the use of higher strength concrete will often make prediction of deflections more difficult, because bending moments will often be close to the concrete cracking moment, at which point there is a large change in the flexural stiffness of the section.
This paper summarizes the factors affecting the deflection of concrete structures, makes recommendations for the assessment of these factors, and compares the results of predictions with the behaviour of an actual structure. 

2.
Factors Affecting the Deflection of Concrete Structures

The factors affecting deflection may be categorised in four groups:

· Short term stress-strain and bond behaviour of the concrete and reinforcement.

· Time dependent behaviour of the concrete.

· Differential strain effects.
· Construction sequence and other load sequence effects.

2.1
Short term stress-strain behaviour

Within the range of stresses encountered at normal working loads, steel is nearly exactly linear elastic, and concrete can be treated as linear elastic within the accuracy achievable for deflection calculations in compression, and up to the flexural cracking stress in tension.  The elastic modulus of reinforcing steel has little variation, and whilst there is a significant variation in the elastic modulus of concrete of a given strength grade, the source of the concrete will rarely be known at design time, so code estimates of modulus related to compressive strength are usually the best available estimate.  The remaining short term parameters that have a significant effect on deflection behaviour are much less well defined.  These are:
· Concrete flexural tensile strength.
· Concrete tension-stiffening effect.

Tension-stiffening is the increase in stiffness of a cracked reinforced concrete section due to transfer of stress from the reinforcement to the concrete between the cracks in the tension zone.

2.2
Time dependent behaviour of the concrete

The significant time dependent effects are:
· Concrete creep

· Concrete shrinkage

· Loss of tension stiffening

· Loss of flexural tensile strength

The basic procedures for calculation of creep and shrinkage effects are well documented, but material properties are quite variable, and the use of simplified techniques may give very inaccurate, and often unconservative results.  Since the rate of creep is approximately proportional to the applied stress (within normal working stresses), creep may conveniently be assessed with the use of an age adjusted concrete modulus.  This approach does not apply to shrinkage, which generates tensile stresses in the concrete, and hence increases cracking, and thus has a significant effect on deflections, even in symmetrically reinforced sections.  International concrete codes have widely varying provisions for assessing the effect of shrinkage on deflections, but the procedures in the Eurocode, EC2, have been found to agree well with recent research.
The rate and amount of loss of tension stiffening remains a subject of active research.  Recommendations later in this paper will give a conservative estimate of this effect, which has been found to be consistent with recent research and with deflections measured on recent projects.
The related effect of loss of flexural tensile strength due to creep rupture effects has received less research attention, but for practical purposes may conveniently be taken into consideration by adopting a conservative estimate of loss of tension stiffening.

2.3
Differential strain effects
Differential shrinkage and differential temperature both have a direct effect on deflections.  In addition they both have an effect on stresses, and may therefore result in a significant increase in cracking.  Code provisions provide little guidance on these effects, but case histories show that they can be very significant.
2.4
Load sequence effects
Load sequence effects may arise when structural members are subject to higher loads at some stage than the dead load in the finished structure.  In this case a simplistic analysis may treat a member as being uncracked when it has actually been cracked by some earlier load condition, and hence has a much lower stiffness.  Examples of situations in which this may occur include:
· Handling, transport and erection of precast members.

· Slabs and beams used for propping of succeeding levels in frame construction.

· Bridge structures may only be subject to exceptional heavy loads on rare occasions, but may have different flexural behaviour after such loading.
· Buried structures are often subject to higher loads during construction than are experienced in the finished structure.

· The behaviour of composite structures may be significantly affected by the condition of the structure at the time the composite connection is made.

A second source of possible error in computer based analysis occurs when a cracked member is unloaded.  In a standard computer analysis the member will return to uncracked behaviour when the bending moment reduces below the initial cracking moment, whereas in reality the member will continue to exhibit cracked stiffness behaviour until the tension zone passes into compression.  If moment reversal occurs the behaviour of the member will depend on whether the section is symmetrical about the centroidal axis, and whether the opposite face has been previously cracked.
Members subject to significant varying axial load during construction also have complex deflection behaviour.  In particular axial loads may significantly increase the cracking moment, and a cracked section under decreasing bending moment will return to uncracked behaviour when all of the section is in compression, which will be before the bending moment reaches zero.
3
Moment-Curvature Relationship for Design Analysis
In the past codes and design texts have focussed on simplified methods to allow designers to make reasonable estimates of deflections without excessive amounts of computation, however modern computer software and hardware has the potential to make more rigorous analyses a practical proposition in the design context, provided that the fundamentals of the processes being modelled are well understood.  A requirement for non-linear analysis is a specification of the stress-strain behaviour of the materials involved, which in the case of a frame analysis is conveniently defined by means of a moment-curvature relationship.  In this section procedures are recommended for preparing moment-curvature tables for reinforced concrete sections, taking account of the factors listed above.
3.1
Short-term behaviour

The provisions for the simplified calculation of section stiffness in AS 3600 are based on the well known “Branson Equation”, which uses a single modified second moment of area, Ief, for the complete length of members of constant cross section, depending on the ratio of the maximum bending moment to the section cracking moment (1):
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  This approach has been found to significantly overestimate the stiffness of lightly reinforced sections, where the maximum in service moment is close to the cracking moment (2).
The deflection procedure specified In Eurocode 2 requires the calculation of curvature at a number of cross sections, and integration to find the deflection.  The section stiffness is based on the degree of cracking, which is related the ratio of the tension steel stress under the service moment to the stress after first cracking, ignoring the concrete in tension (3).  The Eurocode equations have been rearranged by Bischoff (4) to give a convenient equation for effective section second moment of area:
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For both equations (1) and (2): Ief = effective second moment of area, Icr = second moment of area of the cracked section, ignoring concrete in tension; Mcr 
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 Z (fcf’ – fcs + P/Agt), the bending moment at first cracking allowing for shrinkage stresses; and Ms* = the maximum bending moment at serviceability loads.  In Equation (1): Ig = second moment of area of the gross concrete section and Ief.max = Ig for sections when the reinforcement ratio,
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.  In Equation (2) Gilbert (2) has recommended the use of the transformed second moment of area, Igt, including the effect of the transformed reinforcement area, rather than Ig. ( allows for loss of tension stiffening, and EC2 recommends a value of 1 for short-term calculations and 0.5 for long-term calculations.
Equation (2) has been found to give much better predictions of deflections for lightly loaded sections at moments close to the cracking load, and gives similar results for more highly loaded and heavily reinforced sections, and is therefore recommended for general use (2).  The value chosen for the cracking moment has a critical effect on the predicted deflections, and further discussion on this topic is given below.

3.2
Time dependent behaviour of the concrete
The provisions for basic creep and shrinkage strain in AS 3600 are broadly in line with international codes, and are suitable for routine use.  Where deflections and/or loss of prestress are critical to the design it may be worthwhile to obtain test results for specific concrete mixes, particularly where high performance concrete mixes are used.
Adjustment of the short term concrete elastic modulus to allow for final creep strains is a well accepted procedure that will provide satisfactory results under many circumstances, however for some conditions a more rigorous procedure will be required.  The use of an incremental analysis, with varying age adjusted modulus, may be required when:

· Loads on the structure vary with time.
· Deformations of the structure have a significant effect on the structural actions.

· Composite or multi-stages structures.

Where Ultimate Limit State design of compression members incorporates secondary bending moments, or is by rigorous analysis (AS 3600 Cl 7.7 and 7.8 respectively) it is particularly important that the analysis takes full and conservative account of creep deformations.
Where the deformation response of the structure to short term loads is required it may be sufficient to carry out separate analyses for short and long term loading, but in some cases it will be better to model creep strains directly in the analysis, in conjunction with the short term concrete elastic modulus.
Shrinkage has three related effects on the flexural deformations of concrete structures:
· Shrinkage stresses reduce the bending moment at which cracking first occurs.

· Shrinkage reduces the effect of tension stiffening by reducing crack spacing, and hence reducing the tensile stress transferred to the concrete between cracks.

· Shrinkage strains result in an induced curvature before concrete cracking in sections with asymmetrical reinforcement, and after cracking in all sections.

EC2 provides guidance for all three effects:
· The tensile stress at which cracking first occurs is reduced by the tensile stress induced by the shrinkage strain.

· The ( factor described in section 3.1 is an allowance for loss of tension stiffening.

· Shrinkage curvature is given by equation 7.21:

1/rcs = εcsαeS/I








(3)

where: 1/rcs = curvature due to shrinkage, εcs = free shrinkage strain,  αe = effective modular ratio,  S = first moment of area about the centroid of the section, and I = second moment of area of the section.
An alternative method for assessment of the shrinkage curvature, which takes account of the change in the depth of the neutral axis, and may be conveniently coded in a simple computer analysis, is described in Attachment A.  Further guidance on the application of the shrinkage curvature in a computer analysis is given below.
3.3
Differential Strain Effects
Connal (5) has described the effect of differential shrinkage on the behaviour of a number of Super-T pretensioned bridge girders, stored in a hot dry environment.  Detailed analysis of this effect is outside the scope of this paper, but consideration should be given to the possibility of unexpected behaviour due to this cause when some or all of the following factors are present:

· Hot dry environment
· Deep, non-uniform members; e.g. girders with slender webs and top flange, and thick bottom flange.

· Prestressed members, where other causes of curvature are balanced by the eccentricity of the prestressing force.

· Precast members, where variation of the member geometry will have a significant effect on the finished structure.

Measurements of the arch structure described in the case study presented in Section 4 showed short term variations in crown deflections of the order of 12 mm due to differential temperature effects.  In addition to these direct differential temperature movements, tensile differential temperature stresses reduce the cracking bending moment, and are of the same order of magnitude as shrinkage stresses.  It is therefore recommended that differential temperature tension stresses be considered in evaluating the cracking moment, and that curvature due differential temperature is included in the analysis of deflections.
3.4
Load sequence effects

Where preliminary analysis indicates that load sequence effects will have a significant effect on the behaviour of the structure it will be necessary to prepare different moment-curvature tables for uncracked sections under loading, and cracked sections under unloading and re-loading.  Asymmetrical sections will also require different tables for each tension face, and members subject to variable axial load will require a series of tables for different load steps.
3.5
Moment-Curvature Calculation Procedures

The recommended procedure for calculation of Ief for a previously uncracked section uses Equation 2.  This requires the calculation of Igt , Mcr, and Icr.  The calculation of Igt and Mcr  is straightforward, noting that it is recommended that the maximum tensile differential temperature stress be deducted from the flexural tensile strength of the concrete, as well as the shrinkage stress:

Mcr 
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 Z (fcf’ – fcs – fdt + P/Agt).







(4)
The calculation of Icr requires the determination of the depth of the neutral axis, ignoring the effect of the concrete in tension.  This is done using standard beam bending theory.  A convenient closed form solution, which also allows for the effect axial load, steel pre-tension, and concrete shrinkage, is presented in Appendix A.
Having found Igt , Mcr, and Icr the moment-curvature relationship may be tabulated by calculating Ief for the range of bending moments of interest, and using the relationship:

1/R = M / EIef









(5)
Where E is the age adjusted elastic modulus of the concrete, allowing for creep strains.

Depending on the characteristics of the analysis program used, it may be necessary to adjust the calculated curvature values in the region of the cracking moment to ensure a smooth transition and avoid numerical instability in the analysis.

For previously cracked sections it is recommended that the section be treated as linear-elastic up to the previous maximum bending moment, and then to use the same procedure as given above.

As previously noted, where curvatures due to shrinkage, differential shrinkage, or differential temperatures are significant these should be added to the analysis as an additional curvature, since they are largely independent of the applied moment.
4.
Case Study
A large span precast concrete arch in the UK exhibited larger than expected vertical deflections at the crown under self weight, before the commencement of backfill.  At design time short term crown deflections were estimated to be about 30 mm.  Initial deflection measurements were consistent with predictions, but survey of a section where backfilling had been delayed for six months revealed crown deflections of up to 150 mm.  
The crown deflection estimate has been reassessed, based on the recommendations given above.

The section properties of the structure, on a metre width basis were:

Concrete design compressive strength: 
50 MPa

Basic flexural tensile strength:

4.2 MPa

Concrete elastic modulus

32000 MPa

Creep Factor 



0.65
Age adjusted concrete modulus

19400 MPa

Concrete design shrinkage

400 Microstrain

Axial force under self-weight

100 kN/m approx.

Section Depth



0.35 m

Tensile stress due to shrinkage

1.1 Mpa

Tensile stress due to diff temperature
1.5 MPA

Curvature due to shrinkage strain
1.05E-03 /m

Ig = 




3.57E+09 mm4
Igt = 




4.609E+09 mm4
Mcr (Basic flexural strength) =

94 kNm/m

Mcr (Reduced) 



43 kNm/m
Icr = 




1.216E+09 mm4

The resulting moment-curvature graph is shown in Figure 1.  A series of frame analyses of the structure were carried out to determine the influence of the factors discussed above on the deflection of the structure:
1. Short term stiffness properties, gross concrete section

2. As 1, but with age adjusted concrete modulus

3. As 2, but cracked section properties using Branson equation

4. As 3, but cracked section properties using Equation 2 with moment curvature table, β = 1

5. As 4, but with Mcr reduced due to effect of shrinkage and differential temperature.
6. As 5, but with β = 0.5

7. As 6, but with curvature due to shrinkage included.

Second order geometric effects were included in all the analyses.

For Run 7 the shrinkage curvature was modelled as a temperature gradient of 105 °C/m; i.e. Curvature / Coefficient of Thermal Expansion = 1.05E-03 / 1.00E-05.

The predicted crown deflection is plotted against load factor in Figure 2 .  It can be seen that:

· Inclusion of creep effects (Run 2) increased the initial deflection estimate by 67%, but creep was responsible for a relatively small part of the total deflection.

· Run 3 complied with the requirements of AS 3600 Cl. 8.5.3, other than the omission of the reduction of cracking stress due to shrinkage stresses, but the predicted deflection was less than one third of that measured in the actual structure.

· Allowance for the reduced stiffness of the cracked section (Runs 3 and 4) resulted in only a small increase in predicted deflection, because the cracking moment was very close to the maximum bending moment in the structure.
· Reduction of the cracking stress due to the effect of shrinkage and differential temperature strains (Run 5) increased the deflection by over 100%

· Reducing the Equation 2 β factor to 0.5, to allow for loss of tension stiffening over time, (Run 6) increased the deflection by only a further 10%.

· Inclusion of curvature due to shrinkage (Run 7) increased the deflection by a further 40% to 156 mm, closely matching the deflection measured in the actual structure.
It has been suggested that the flexural tensile strength of concrete is higher than the values given in AS 3600 and EC2 (e.g. ACI Committee 363, quoted in (6)).  This case study suggests that for a conservative assessment of deflections the opposite is true, and that the nominal tensile strength should be reduced by shrinkage and differential temperature stresses.
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	Figure 1.  Case Study Moment-Curvature
	Figure 2. Crown Deflections


5
Conclusions

A review of the factors affecting the deflection of concrete structures suggests that the provisions for simplified calculation in Australian and international design codes do not take account of all the factors that have a significant influence on the behaviour of the structure.  This is reinforced by the case study described above, where full allowance for the effects of shrinkage, differential temperature, and loss of tension stiffening increased the predicted deflection by a factor of more than 3.
The following effects were found to have a particularly strong influence on predicted deflections:

· Reduction in the section cracking moment due to tensile shrinkage and differential temperature stresses.

· Shrinkage curvature

For the structure considered here the additional effect of loss of tension stiffening, over and above the reduction in cracking moment, was found to be relatively small, because the maximum bending moment was considerably higher than the reduced cracking moments.  For structures where the maximum moment was closer to the cracking moment this effect would become more significant.

When Serviceability Limit State deflections may be critical to the design, or when second order effects are significant at the Ultimate Limit State it is important that the deflection analysis should provide a reliable upper bound to structural deflections.  In these cases the following procedure is recommended:
· Carry out a detailed deflection analysis of the structure, including both material and geometric non-linear effects.  For frame structures a frame analysis using moment-curvature tables is a convenient and relatively rapid procedure that will provide accurate results when the moment-curvature relationship is carefully modelled.
· The beam moment-curvature model should be based on the method given in Eurocode 2, or an equivalent formulation such as the Bischoff/Gilbert equation (Equation 2 above)

· The concrete cracking moment must be based on a conservative estimate of the basic concrete flexural strength, reduced by all relevant secondary tensile stresses, including shrinkage stresses and tensile differential temperature stresses.
· The analysis should allow for loss of tension stiffening, by use of a  ( factor of 0.5, unless it is certain that the load condition being checked is very short term.

· Where members are cracked due to a previous load condition their behaviour up to the previous maximum moment and curvature should be treated as linear elastic if axial loads are zero or small.  Cracked members with a compressive axial load will behave as uncracked as long as the cracked region is in compression, and this may have a significant effect on the behaviour of the structure.
· Allowance for creep deflections by use of an age adjusted concrete modulus, in accordance with the provisions of AS 3600, will normally provide satisfactory results. Where creep effects have a significant effect on the loads applied to the structure an incremental analysis with varying creep factor will be necessary.

· Section curvature due to shrinkage and differential temperature effects should be included in the analysis.  For frame structures this is conveniently done with the application of an artificial temperature gradient.
· The possibility of significant differential shrinkage effects should be considered, especially for members that are asymmetric about the bending axis.

· Curvature of the cracked section due to loading and shrinkage strain should be determined using standard stress and strain compatibility methods.  A convenient closed form solution is presented in attachment A.
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Appendix A - Neutral Axis Depth for a Reinforced Concrete Section Under Eccentric Axial Load
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	Figure A1, Cross section under eccentric axial load


The procedure below provides a closed form solution for the depth of the neutral axis in a rectangular reinforced concrete section subject to eccentric axial load, with any number of layers of passive or prestressed reinforcement.  

The usual assumptions for elastic reinforced concrete analysis are made; i.e.:

Plane sections remain plane.

Tensile stresses in the concrete are ignored.

Linear elastic stress/strain behaviour of the reinforcement and the concrete in compression.

Consider a reinforced concrete section with:

Applied axial load, P, (compression positive) applied at height e above the compression face

X axis on the section NA, y positive towards the compression face.

Extreme compression face at Y above the neutral axis.

The reactions in the section are:

  A moment about the neutral axis, M, and an axial force, N

For moment equilibrium:

  M/N = Y + e

  M = (Y + e)N

  M - N(Y + e) = 0

Consider a stress distribution in moment equilibrium with the applied load, such that the stress at the compression face = Y, then:

  N = ∫ y dA = First  Moment of Area about NA, Qx

  M = ∫ y2 dA = Second Moment of Area about NA, Ix

So:  Ix - Qx(Y + e) = 0
For an unreinforced rectangular section:

Width = B

Height of compression block = Y

  Qx = BY2/2

  Ix = BY3/3

  BY3/3 - BY2/2(Y + e) = 0

  BY3(1/3 - 1/2) = BY2e/2

  e = (-BY3/6) (2/BY2) = -Y/3

  Y = -3e

For a section with one layer of reinforcement:

 Transformed reinforcement area = ast

Where ast  = as Es/Ec
Es = Young’s Modulus of the reinforcing steel

Ec = Young’s Modulus of the concrete

  Depth below compression face = dst
  Qx = BY2/2 + ast (Y - dst)






(A1)

  Ix = BY3/3 + ast (Y - dst)2 = BY3/3 + ast (Y2 - 2Ydst + dst2)



(A2)

  BY3/3 + ast (Y2 - 2Ydst + dst2) -  (BY2/2 + ast (Y - dst))(Y + e) = 0

Simplifying to:

  B/6Y3 + Be/2Y2 + (dst - e)ast.Y - dst (dst + e)ast = 0

Substituting into aY3 + bY2 + cY + d = 0
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(A3)
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(A4)

  [image: image13.png]










(A5)
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(A6)

For multiple reinforcement layers:
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(A7)
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(A8)
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(A9)
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(A10)
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(A11)
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(A12)

 Note that where [image: image29.png]


 < Y (i.e. for reinforcement layers inside the compression zone) the reinforcement is displacing an equal area of concrete, and the transformed area becomes: 

ast  = as (Es/Ec -1)

Where some or all of the reinforcement is pretensioned the axial force and bending moment due to the prestress is added to the applied axial load, and the analysis proceeds as before.

For the purposes of calculating the section curvature due to concrete shrinkage, the shrinkage strain may be treated as an equal and opposite expansive strain in the reinforcement.  The force required to restrain this strain is calculated, and an equal and opposite tensile force and moment are applied to the concrete.

A more detailed version of this appendix, including application of the same approach to trapezoidal and multi-layered sections, can be found at: http://newtonexcelbach.wordpress.com/2008/03/25/reinforced-concrete-section-analysis-1/
_1298750794.unknown
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